The paper gives necessary and sufficient conditions for uniqueness of solutions of the Dirichlet problem for ultrahyperbolic partial differential equations with multiple singular lines.
is a bounded domain in the space yx, ■ ■ ■ ,y". We assume that the coefficients ajk and c are functions of the variables ylt • ■ ■ ,yn alone with c^O in Y. Further, we assume that the matrix (ajk) is symmetric and positive definite, and that ajk, c and the boundary BY of Y are smooth enough to allow the application of the divergence theorem and the existence of a complete set of eigenfunctions for the eigenvalue problem that we will need below.
2. A lemma. An interesting feature of the differential equation (3) is that it possesses several singular lines. As a result of this, every solution of the equation which is smooth on the singular lines satisfies a regularity condition on those lines. This behavior was first observed by Walter [3] in the case of the normal hyperbolic Euler-Poisson-Darboux equation, and later by Fox [4] for a slightly general singular equation. We shall prove this property for our equation (3) as a lemma.
Lemma. Ifue C2(Q)r\Cx(Q) satisfies Lw=0, then ux=0 on x;=0/or every index i (1 ^i^m)for which a,?£0.
Proof. Let us assume that a^O and set x' = (xx, • • • , xm_x) and z-xm. Denote by X* the parallelepiped defined by 0<si<xi<ai (1^/m -1), 0<z</ (t<am), and by A" the resulting parallelepiped when the variable z is deleted. We integrate over Q* -X* x Y the identity where ß>0. Here, as well as in the rest of our discussion, we adopt the convention of summing over repeated indices. Applying the divergence theorem and noting that u is of class C1 in Q, we obtain
where F(u) = u\ -u2xi + ajkuyjuyk + cu2, Q'=X' X Fand (vx., vVt) is the outward unit normal vector on dQ'. Let us divide (4) throughout by tß and take the limit as r approaches zero. We observe that the second integral drops out in the limit as its integrand is bounded and (z//)<l. On the other hand, the third integral becomes a [November derivative with respect to z" at z=0 as may be seen by writing it in the form -f f [F(u) -2zuz<xiuxJ(ßxi) -2*mu;lß] dx' dy d(z").
v Jo JqThus, in the limit, we obtain from (4) ) Í u%x', 0, Jq- (2ajß) u%x', 0, y) dx' dy = 0. JqSince a,"5¿0, this implies that uz(x',0,y)-0 in Q'. By continuity, this holds for 0^xt^a¡ (lrg/^w-1) and for all y in F. where Xr denotes the parallelepiped defined by 0<x;<a,-, l^z'^w, i^r, and x' denotes a point in Xr. Taking the sum of (6) with respect to r leads then to the equation Therefore, the integrand of the second integral in (7) is also nonnegative. Hence we conclude, from (7) and (8) Conversely, suppose that condition (12) holds. Let Xk be an eigenvalue of (10) and let /¿¿ be any nonzero real numbers such that (14) Ju-Xim(fA'%) = 0 for all i (l^i^p) except for i=r. For any nonzero integers bP+x, ■ ■ ■ , bm, let c be determined by the relation (11). Notice that pr may very well be a negative number and that from the hypothesis we have (15) Ja~,rmW\) * 0.
where <¡>(x; b) is defined in (13) and vk is an eigenfunction of (10) corresponding to Xk. By direct differentiation, making use of (10) and (11), it is readily shown that (16) satisfies the adjoint equation nonnegative from which we conclude that u vanishes identically in Q. This completes the proof of the theorem.
